Week 8 Worksheet - Taylor Polynomials/Series (Computing and substitution)

For your answers, you could use either --- or the )  notation. In this solution, both
of them are provided, but you don’t need to have both on your hw or quiz.

The Taylor polynomial of a function y = f (z) of degree n around the point x = a is

Tf (2) = f(a)+ (@) (r — a) + L4 (2 —a)? 4 - L200 (g — gy

1. Compute the degree two Taylor polynomial of the function f (z) = '3 around 0. Use this
to estimate et@n(0-1),

Solution: n =2,a=0. f(0)=1

f'(z) =e™%gec?x = f/(0) =1

f(x) = e P sec? x - sec® & 4 €7 . 2secx -secxtanz = f (0)=1+0=1
So T9f (z) = 1+ x + 222

et ~ 1+ 0.1+ 50.1% = 1.105.

2. (2015 fall exam) Find T2z3.
Solution: n =1, a =2. f(2)=38.
ff(x)=322= f'(2) =12
So TEx? =8+ 12 (x — 2).

3. (2015 fall ezam) Find T cos (sin ).
Solution: n=2,a=0. f(0)=cos(0)=1.
f'(z) = —sin(sinz) - cosz = f'(0) =0
" (z) = —cos(sinz) - cosx - cosx —sin (sinzx) - (—sinz) = f/(0) = —1

So Ty cos (sinz) = 1 — 2.

The following problems are using substitution and the 5 formulas on the textbook page 78.

4. Find the Taylor series T f (:L‘) for the function f (z) = sin (2z).

[e.°]

Solution: Since sinu = u — 3, + ¥ 5' — TT = Zo (-1)" (322:)' ,2then take u = 2z, we have
n=»
. 5.5 7.7 S 2n41,2n+1
sin (2z) = 2z — 3, +25. —277?‘1‘"‘:7;0(_1)”%
5. Find the Taylor series Ti f (x) for the function f (z) = 7. (What about 1+ +7)
o0
Solution: Since — =1+u+ u? +u 4 --- = Y u”, then take u = —7t, we have
n=0
1 242 _ 1343 4 = n
Tt = L =t 7ot" =t : _Z( t)" :ZO(—W) "
n=
¢ 242 _ 1343 4 = = n yn+1
i =t (1= 7t + 7?2 — 7t o) = St (=mt)t = 3 (=m) et

n=0 n=0



6. Find the Taylor series To, f (z) for the function
(a) f(x) =1In(2+ 2t).

(b) f (x) =In /1L

Solution:

(@) f(z)=In2(1+¢t))=In2+1In(1+1).

oo
Sinceln(1+t):t_§+§_%+...: S (—1)n+1%,then
n=1
f@) =m2+t—L48 2 omo s~
2 3 4 B n=1 n’

2 3 4
O R e i R 1 S
- 1 (=1)™ n
=32 TR (T e
n=1 n=1
1OO " loo n+1 ¢n
=X —HHiy (()TE
n=1 n=1



